3 Spatial patterns are ubiquitous across different scales of organization. Animal coat 4 pattern, spatial organization of insect colonies, and vegetation in arid areas are prominent 5 examples from such diverse ecologies. Typically, pattern formation has been described 6 by reaction-diffusion equations, which considers individuals dispersing between sub-7 populations of a global pool. This framework applied to public goods game nicely showed 8 the endurance of populations via diffusion and generation of spatial patterns. However, 9
is shown to be crucial in determining the observed patterns. In PGG, cooperators invest a fixed amount c into a common pool. For m such cooperators, this 51 common pool of value mc is then multiplied by a factor r > 1. The benefits of this interaction 52 are returned equally to all individuals N , thus rmc/N . While this is the payoff of a defector, 53 w ≡ 1 − u − v. The group size within each patch is fixed to N , but the densities change in time thus affecting the effective group size. Without diffusion between subpopulations, the popu-60 lation dynamics within each patch can be analyzed separately as an independent population 61 [23] . 62 Individuals have a chance to meet another individual with a probability that is proportional to the total density in a well-mixed population. If the population density is small, individuals meet less often and hence form smaller groups. If the density is high then the maximum group size N can be reached. As a consequence, the game-interaction group size S depends on the total density. The expected payoffs for defectors and cooperators are calculated from the densities of cooperators and defectors. Using the expected payoffs and the probability p(S; N ) of observing a group of size S, given a maximum group size N , the average payoffs for defectors and cooperators, f D and f C , can be expressed as follows,
We have set the investment cost c = 1 (for details see Appendix.).
63
If there is available space (w > 0), individuals reproduce according to their average payoffs. All individuals are assumed to have the same constant birth and death rates given by b and d, respectively. The change in the densities of cooperators and defectors over time is captured by the following extension of the replicator dynamics [23, 24, 25] ,
This set of deterministic equations provides us with the time evolution and the fixed points of 64 the system. The asymptotic behavior of the system is determined by the stabilities of these 65 fixed points. The system undergoes a Hopf bifurcation as r varies. For small r, extinction 66 (u = v = 0) is the stable fixed point while for a large r coexistence (u, v > 0) becomes stable.
67
Hence, both cooperators as well as defectors die out for a small rate of return from the public good (r < r hopf ). With spatial dynamics, however, the stability of the fixed point can change. By forming patterns, cooperators and defectors can coexist even for r < r hopf . With diffusion coefficients D c and D d for cooperators and defectors, respectively, Eqs.
[2] can be rewritten as follows:u
There is no in-or out-flux at the boundaries. To avoid confounding effects, there are no game interaction between patches, but only exchange of individuals. According to the constant ratio to human societies [27, 28, 29, 30, 31] . Furthermore, within a population, different type of 76 individuals can show different mobility for example as in the aphid and planthopper popula-77 tions [32, 33, 34, 35, 36, 37] . We explore the possibility that cooperator and defector densities 78 affect the diffusive behavior of the population. For the sake of simplicity, we assume a fixed 79 diffusion coefficient for cooperators, and develop the defector's density dependent diffusion.
80
Various instances demonstrate how defectors moving faster than cooperators, survive harsh 81 environment [38, 39] , and it will be more interesting to focus on D > 1. We investigate the 82 effects of two different dynamic diffusion functions on spatial patterns, one representing the 83 way bacteria diffuse on a petri dish and the other typifying human migration patterns [30, 40] .
84
For the density dependent diffusion of bacteria, we start from a bacterial growth experiment and its modeling [29, 40] . In this model, bacteria grow by consuming nutrients, and spread by diffusing in space. From the experimental result, we interpret that bacteria move faster when they are more productive and slowly when nutrients or bacterial concentrations are low. We thus write the defectors mobility inferred from the productivity of defectors. In Eq. [A.7], the productivity of defectors is determined by vw(f D + b). Hence we design the defector's diffusion coefficient as follows:
where
By using the expression N [g(u, v)], we put bounds on the range of density dependence from 85 zero to unity. Here, we use a baseline diffusion value of D c and focus on D > 1. This is 86 done by setting up the diffusion coefficient such that for u = v = 0 we have D There are five phases (framed using colors), extinction (black), chaos (blue) , diffusion induced coexistence (red), diffusion induced instability (green), and homogeneous coexistence (orange). Both diffusion induced coexistence and instability show striped patterns but different regime: first one is for r < r hopf , and the second one is for r > r hopf . The Hopfbifurcation point is at r hopf 2.3658. We used the Crank-Nicolson method to get patterns with a linear system of size L = 283. An uniform disk with densities u = v = 0.1 at a centre is used for an initial condition. Note that the symmetry breaking for r = 2.28 and D = 4 arises from numerical underflow [26] . The results show that the fast movement of the defectors in high reproduction region forces the system to the edge of extinction. We use L = 283, N = 8, dx = 1.4, b = 1, and d = 1.2. Cooperator and defector densities in each patch are randomly drawn from 0 to 0.1 as an initial condition.
of cooperators or defectors is too high or too low then they move slowly. At a fixed defector
91
In contrast to bacteria, human mobility is maximized at low and high population densities. Utility in humans seems to be maximised by avoiding extremely low and extremely high total population densities [30] . We introduce this diffusion dynamics for defectors by constructing a coefficient as, (4) and (b) where the diffusion reflects human migration (6). Each frame of pattern is colored by the same criteria with Fig. 1 except dotted pattern for r < r hopf . To distinguish dotted and striped patterns for r < r hopf , we have used different colors. For dotted patterns, we used the blue color which is used for chaotic patterns, as both are observed near extinction phase. We can clearly see the different patterns for different density dependent diffusion for r < r hopf . Cooperator and defector densities in each patch are randomly drawn from 0 to 0.1 as an initial condition.
We examine patterns for various r and σ under a varying diffusion coefficient. The differ-ent diffusion dynamics for different organisms results in different spatial patterns. As shown So what property of the density dependent diffusion exactly induces dotted or striped patterns for r < r hopf ? To understand the intricacy of the functions we examine several diffusion coefficient formulas based on the geometries of their key variables. From the Eq. [4] we get an intuition for these important variables. If we transform cooperator and defector densities u and v to cooperation fraction f and total density ρ [23, 41], we can further simplify the
It implies that the key variables can be f and ρ. These two quantities are exactly the evolu- of the respective row and column of Fig. 5 (a) . The top left corner is the bacterial diffusion 141 behavior. For patterns obtained for r = 2.32 < r hopf , we compare the results in Fig 5 (b) .
142
Without ρ in D d (f, ρ), striped patterns appear. We can conclude that moving slow in low den-143 sity ρ induces the dotted patterns. However in presence of 1 − f we recover striped patterns.If 144 we compare patterns from (1 − f )ρ(1 − ρ) and ρ(1 − ρ), we can find that fast movement in low 145 cooperator fraction and slow movement in high cooperator fraction recovers striped patterns.
(a)
1 Figure 5 : Patterns with various functional forms for defector's diffusion coefficient. The density dependent functional form is determined by multiplying the functions in row and column. In (a), the shape of functions are shown in f (x-axis) and ρ (y-axis) space (contour plot). Blue and yellow colors represent low and high values at a given f and ρ, respectively. In (b), we present the patterns at a given functional forms for r = 2.32 and σ = 20. Without ρ, we observe striped patterns. Also, with 1 − f factor the striped patterns reemerge. The function f do exactly the opposite with 1 − f making dotted patterns. An uniform disk with densities u = v = 0.1 at a centre is used for an initial condition. Note that symmetry breaking for r = 2.28 and D = 4 comes from numerical underflow [26] . For the temporal evolution of all these patterns see Supplementary Video.
To avoid the threat of extinction, the cooperators fraction has to be enhanced. The behavior 147 of (1 − f ) is exactly boosting cooperators when cooperator's fraction is too low. If defectors 148 move fast when cooperator's fraction f is small, f will increase. This results in population 149 rescue and takes the system far from extinction, showing striped patterns. 150 We investigate the effect of diffusion driven by eco-evolutionary dynamics on pattern for- 
Average payoffs 280
In a public goods game, cooperators invest a fixed amount c in the common pool. The investments of all cooperators are amplified by multiplication factor r > 1, and then evenly returned to all individuals as the benefit. Under this setting, the payoffs for defectors and cooperators are given by,
While we assume that the group size of the game is N , under eco-evolutionary dynamics it might be possible that there are not enough individuals to make up the group [46] . Therefore the actual group size can range from S = 2 to N while the rest is empty space. Individuals have a chance to meet and interact each other with a probability that is proportional to the total density in a well-mixed population. Therefore, the probability p(S; N ) that an individual finds itself in a group of size S is given by, where we set the investment cost c = 1. Accordingly, the average payoffs f D and f C are calculated as follows,
Stable fixed point 283 Without spatial dynamics, the densities of cooperators and defectors change over time as described by the following equations:
One of the fixed point(s) of this system is stable. Accordingly, the relation between visible 284 f and ρ is imposed. Without spatial dynamics, we can perform a stability analysis for the 285 system when we get an interior stable fixed point for r > r hopf . From the solution, we can get 286 the relation between f and ρ at the stable fixed point. As shown in Fig. A.1, f and ρ 
Pattern analysis 292
Given the predominance of the two types of patterns, dotted and striped, we analyze the dif-293 ferent properties between them for r < r hopf . Herein, we used configurations for σ = 18.75 294 and r = 2.36 with two different density dependent diffusion functions for analyzing patterns.
295
Since u and v are inhomogeneous in x, y space, D d (u, v) is also spatially inhomogeneous.
296
Counterintuitively, the striped pattern has higher average cooperator fractionf than the 297 dotted pattern (0.425 > 0.422). The average total densityρ of the striped pattern is smaller 298 than that of the dotted pattern (0.156 < 0.159). It seems that the striped pattern is closer to the 299 extinction phase because the high cooperator density and small total density, are the properties 300 of patterns for small r. To understand this result, we examine the spatial distribution of f and 301 ρ, because the average of all sub-populations may not be representative.
302
The two spatial dimensions x, y are both of size 283. We pick five y values to look at 2) respectively. We observe that the cooperator density is locally much higher than the 306 defector density at the centre for the dotted pattern. The aforementioned does not appear in 307 striped patterns. Hence, f is larger in the dotted pattern than the striped pattern at the centre.
308
However, there are some places which have smaller f in the dotted pattern than the striped 309 pattern, and thusf in the dotted pattern is lower than that of the striped pattern even though 310 they have a higher cooperator fraction locally.
311
To see this effect, we look at the average cooperator fraction f y at each slice (average over 312
x at a fixed y). As we can see in Fig. A.3 , even thoughf for the dotted pattern is smaller than 313 that of the striped pattern, locally f has a higher value. The dotted pattern has a much higher 314 deviation of f and thus locally has much higher f than that of the striped pattern even though 315 it has smaller average cooperator fractionf . It seems that the large fluctuations of f and ρ are 316 the properties of the patterns close to the extinction phase.
317
Color coding
318
For visualising cooperator and defector densities, we use green and red color for each type.
319
The ratio of cooperator and defector determines the color spectrum. If only cooperators (de- 
328
The radius of circle r and height h indicate saturation and brightness, respectively. Since we do not use blue color, saturation becomes unity. Accordingly, brightness is used for the total population density ρ = u + v. If we use a linear function of ρ for brightness, it is hard to figure out the patterns for the small population density. For better visualisation, we formulate the brightness as log a(u + v) + 1 log a + 1 ,
where a control parameter a (> −1 and = 0) determines the curvature of the brightness 329 function in the total population density ρ (see Fig A.4) . The average cooperator fraction and total density at y. The left column is the dotted pattern, while right one is the striped pattern. We see that f y and ρ y , are fluctuating in y, however the dotted pattern has a much larger deviation than the striped pattern Therefore, it locally has higher f y value. . To show two components at the same site, we use color spectrum (hue) and brightness. Each represents a fraction of cooperators and total population density, respectively. Here, we normalise hue and brightness that each maximum becomes unity and use a = 15.
